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In this addendum, we consider the connection between certain 2d super-GCA, obtained from the
parametric contractions of 2d SCFTs, which can describe the constraint algebra of null spinning
strings.
I. INTRODUCTION
The bosonic and supersymmetric versions of Galiliean
Conformal Algebra (GCA), obtained by a parametric
contraction of the corresponding “parent” relativistic
conformal and superconformal groups, have been studied
in great details in the recent literature 1–25. The initial
aim of the group contraction was to obtain algebras ex-
hibiting non-relativistic conformal symmetry. However,
in later studies5,6, it was pointed out that an opposite
limit of the group contraction of the holomorphic and
anti-holomorphic copies of the 2d bosonic CFT, dubbed
as the “Ultra-Relativistic” limit, yields the constraint al-
gebra of the tensionless limit of bosonic strings.
The tensionless limit of bosonic and fermionic strings
(as well as their quantization) has been a well-studied
topic5,6,26–33. The tension of a string is in a sense equiva-
lent to the mass of a particle, and hence a tensionless/null
string in string theory corresponds to a massless particle
in particle physics. The tension going to zero can be in-
terpreted as the string consisting of a collection of mass-
less particles, but subject to constraints as the string is a
continuous object even in the tensionless case and these
pieces are still connected to each other. This limit has
been thought to be useful in studying the high energy
behaviour of string theory.
In this addendum, we will consider the connection be-
tween certain 2d super-GCA, obtained from the para-
metric contractions of 2d SCFTs, which can describe the
contraint algebra of null spinning strings. A spinning
string is one which has manifest worldsheet supersymme-
try. Focussing on the Neveu-Schwarz sectors admitting
the use the superspace coordinate formalism, we will con-
sider primary superfields and their representation theory.
All these can be obtained from scaling the original super-
space coordinates in conformity with the scaling of the
generators of the parent SCFT.
II. NULL SPINNING STRING WITH N
SUPERSYMMETRIES
The null spinning string with N supersymmetries, and
thus having a global O(N) symmetry, has been consid-
ered in32,33. The non-zero (anti-)commutators are given
by:
[Lm, Ln] = (m− n)Lm+n + (c3m3 + c1m) δm+n,0 ,
[Lm,Mn] = (m− n)Mm+n ,{
Gjr, G
l
s
}
= δjlMr+s , [Lm, G
j
r] =
(m
2
− r
)
Gjm+r ,
(1)
with j, l = (1, 2, . . . , N). We will show that these can be
obtained by taking the appropriate group contraction of
the N = (N˜ ,N − N˜) (where N˜ = (0, 1, . . . , N) ) super-
Virasoro algebra. Here we will consider the null super-
string constraint algebras obtained from the N = (1, 0)
and N = (1, 1) parent SCFTs. The bosonic subalgebra
is identical to the 2d GCA obtained earlier with the non-
relativistic limit in mind3. Hence, we will refer the above
supersymmetric algebra as “super-GCA” (SGCA) in this
Letter.
III. TENSIONLESS LIMIT OF (1, 1) SCFT
In this section, we show how we can obtain the null
spinning string with N = 2 supersymmetries from the
group contraction of N = (1, 1) SCFT. The holomorphic
N = 1 super-Virasoro algebra34–39 is given by:
[Lm,Ln] = (m− n)Lm+n + c
8
m (m2 − 1) δm+n,0 ,
[Lm,Gr] =
(m
2
− r
)
Gm+r ,
{Gr,Gs} = 2Lr+s + c
2
(
r2 − 1
4
)
δr+s,0 ,
(2)
where m,n ∈ Z and r, s ∈ Z + λ (such that λ = 0 in
the Ramond sector and λ = 12 in the Neveu-Schwarz
sector). The corresponding anti-holomorphic sector will
be denoted by barred generators: L¯n and G¯r. For the
Neveu-Schwarz sector, these generators can be expressed
in terms of the superspace coordinates as:
Ln ≡ −zn+1∂z − n+ 1
2
znθ ∂θ , Gr ≡ zr+ 12 (∂θ − θ∂z) ,
L¯n ≡ −z¯n+1∂z¯ − n+ 1
2
z¯nθ¯ ∂θ¯ , G¯r ≡ z¯r+
1
2
(
∂θ¯ − θ¯∂z¯
)
.
(3)
Considering the Euclidean worldsheet coordinates on a
cylinder, which describe closed strings, we take z = eiω
ar
X
iv
:1
60
7.
02
43
9v
1 
 [h
ep
-th
]  
7 J
ul 
20
16
2and z¯ = eiω¯, such that ω = τ + σ and ω¯ = τ − σ. The
fermionic coordinates on the cylinder are θ˜ = θ√
z
and
¯˜
θ = θ¯√
z¯
. Hence, we have to use ∂z = −eiω
(
i ∂ω +
θ˜
2 ∂θ˜
)
,
∂θ = e
iω/2∂θ˜ and so on.
The generators for a null spinning string with two su-
persymmetries29–31 obey the algebra in Eq. (1), with
N = 2. It is very easy to see that it can be obtained
from a group contraction of the N = (1, 1) SCFT as:
Ln = lim
→0
(Ln − L¯−n) , Mn = lim
→0
 (Ln + L¯−n) ,
G1r = lim
→0
√
Gr , G2r = lim
→0
√
 G¯−r .
(4)
In terms of the superspace coordinates, this group con-
traction corresponds to the scaling:
τ →  τ , σ → σ ,
α1 =
θ˜√
2
→ √ α1 , α2 =
¯˜
θ√
2
→ √ α2 .
(5)
This can be interpreted as the“Ultra-Relativistic” limit
describing a tensionless closed string (see5,6,27,28,40 for
the bosonic case). The group generators on the cylinder
can then be expressed as:
Ln ≡ einσ
{
i ∂σ − n
(
τ ∂τ +
αj
2
∂αj
)}
,
Mn ≡ i einσ∂τ , Gjr ≡
eirσ√
2
(
∂αj + i αj ∂τ
)
.
(6)
The same generators, when written for the plane, take
the form:
Ln ≡ −xn+1∂x − (n+ 1)xn
(
t ∂t +
αpj
2
∂αpj
)
,
Mn ≡ −xn+1∂t , Gjr ≡
xr+
1
2√
2
(
∂αpj − α
p
j ∂t
)
,
(7)
where the two sets of coordinates are related by
x = eiσ , t = i τ eiσ , αpj = αj e
iσ/2. (8)
Let us also derive the expressions for the stress-energy
tensors (TL, TM ) and their fermionic superpartners (T
j
F )
from the super-Virasoro stress-energy tensors on a cylin-
der, which is again relevant for a closed superstring.
Though the bosonic part follows from the derivation in5,
we show the complete analysis for the sake of complete-
ness. The holomorphic CFT stress-energy tensor (TB)
has and its fermionic superpartner (TF ) have weights
(2, 0) and (3/2, 0) respectively. Similarly, their anti-
holomorphic counterparts (T¯B and T¯F ) have weights
(0, 2) and (0, 3/2) respectively. Hence, ignoring the cen-
tral charges, we have the relations:
T cylB (ω) = z
2 T planeB (z) =
∑
n
Lne−inω ,
T cylF (ω) = z
3
2 T planeF (z) =
∑
r
Gre−irω ,
T¯ cylB (ω¯) = z¯
2 T¯ planeB (z¯) =
∑
n
L¯ne−inω¯ ,
T¯ cylF (ω¯) = z¯
3
2 T¯ planeF (z¯)
∑
r
G¯re−irω¯ ,
where the superscript “cyl” stands for cylinder. Using
Eqs. (4) and (5), the null spinning string stress-energy
tensors and their fermion superpartners are given by:
TL = lim
→0
(T cylB − T¯ cylB ) =
∑
n
(Ln − inτMn) e−inσ,
TM = lim
→0
 (T cylB + T¯
cyl
B ) =
∑
n
Mne
−inσ,
T jF = lim→0
√
 T cylF =
∑
r
G1re
−irσ,
T 2F = lim
→0
√
 T¯ cylF =
∑
r
G2re
−irσ.
A. Representation Theory for super-GCA with two
supersymmetries
After finding an algebra which generates the symmetry
of a system, it is worthwhile to develop its representation
theory which will tell us about the states that can exist
in the model. This subsection is devoted towards finding
the representation theory of the SGCAs under study.
The vacuum state |0〉 should be defined such that the
above operators have vanishing vaccum expectation val-
ues:
〈0|TL |0〉 = 〈0|TM |0〉 = 〈0|T jF |0〉 = 0
⇒ Ln|0〉 = Mn|0〉 = 0 ( for n ≥ −1)
and Gjr|0〉 = 0 ( for r ≥ −
1
2
) ,
so that it is invariant under the global part of the
super-GCA, i.e. it is annihilated by the ten generators
L±1, L0,M±1,M0, G1± 12
, G2± 12
. The physical states are
the ones constructed by acting with L−n,M−n, G
j
−r on
|0〉, where n, r > 0. The BRST charge (Ω) for the null
spinning string was constructed in29,30,33 and physical
states satisfy Ω |phys〉 = 0.
This entire construction now allows to define represen-
tations with states |hL, hM 〉 having definite eigenvalues
of L0 and M0
2,3,5,40:
L0|hL, hM 〉 = hL|hL, hM 〉, M0|hL, hM 〉 = hM |hL, hM 〉.
(9)
We note that
hL = lim
→0
(h− h¯) , hM = lim
→0
(h+ h¯) , (10)
3such that (h, h¯) are the conformal weights of the corre-
sponding state in the parent CFT (when such a parent
state exists). In particular, demanding that the dimen-
sion of the states be bounded from below, we define pri-
mary states |p〉 ≡ |hL, hM 〉p as obeying :
Ln|p〉 = Mn|p〉 = Gjr|p〉 = 0 ( for n, r > 0) . (11)
As usual, we can now build an irreducible representation
of this SGCA by acting on |p〉 with L−n,M−n, Gj−r (for
n, r > 0), discarding the descendants with zero norm
(null states).
IV. TENSIONLESS LIMIT OF (1, 0) or (0, 1) SCFT
AND CONNECTION WITH SUPER-BMS3
ALGEBRA
A null spinning string with one supersymmetry can
be obtained from the group contraction of either N =
(1, 0) or (0, 1) SCFT in a way analogous to the discus-
sion in Sec. III. This same SGCA also coincides with
the minimal supersymmetric extension of the BMS3 al-
gebra41–43, which is the algebra of surface charges of the
three-dimensional asymptotically flat N = 1 supergrav-
ity.
Note Added
This algebra was found by us while addressing a referee’s
query during the reviewing of the letter “Super-GCA
from N = (2, 2) super-Virasoro”44. However, because
this algebra relates to tensionless strings, which is in-
applicable to the algebra discussed in the letter, it was
not included therein. Recently, we have found two pre-
prints45,46 that address this same algebra and therefore
believe it important and timely to suggest this note as
an addendum to our existing work given we had indepen-
dently arrived at it earlier.
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